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Abstract. In everyday life, in engineering technology and processes, as well as in mechanical engineering, oblique
collisions of bodies are widespread. These collisions can often be analysed numerically using computer programs.
However, in many cases involving oblique collision analysis, optimization, and synthesis, it is desirable to derive
analytical relationships in a general form. Such analysis can help predict desirable outcomes (e.g. rapid rebound)
or prevent undesirable ones (e.g. jamming). This study focuses on deriving analytical relationships using classical
mechanics theorems (such as changes in linear and angular momentum) and fundamental principles of physics
(including sliding and rolling friction). First, the basic problem of a plane oblique collision between a wheel (or
disk-shaped object) and a stationary plane is examined. The derived relationships align with well-established
results in shock theory. The second part of the study extends to oblique collisions involving segment-shaped
bodies. Analytical equations are derived for specific collision scenarios, which can be applied in further dynamic
studies. The third part of the work examines the jumping and collision motion of a segment-type object along an
inclined slope. Finally, the study includes computer modelling examples of oblique collisions, performed using
the Working Model program, which validate the theoretical findings and demonstrate their practical applicability.
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Introduction

The study of close interactions between objects, particularly when a gap between them exists before
collision, became widespread during the development of vibration transport technology [1]. As the
efficiency of vibratory transport increased, leading to the periodic jumping of the transported object
along the track, various hypotheses were proposed to investigate this process [2]. Expectedly, it was
confirmed that all the laws of classical mechanics apply to the collision process. Thus, when describing
an impact, several possible scenarios can be considered at the point of contact, such as [3-6]:

o full sliding in one direction;
¢ sliding stops during the first or second phase of a normal pulse;
¢ sliding in two opposite directions.

The conducted studies demonstrate that the collision process can be described comprehensively
using the normal impulse restitution coefficient, the dry friction equilibrium region, and the boundaries
of this region. Analysis of the results of the above studies shows that a planar collision between an object
and a stationary obstacle can be classified into seven distinct cases [7]. These cases are not theoretical
hypotheses but depend on factors such as the mass, position, and geometry of the colliding object, as
well as the coefficients of normal restitution and sliding friction, along with the initial conditions at the
beginning of the collision [8]. As a result of these studies, collision processes have been effectively
described, analyzed and applied in various engineering fields, playing a crucial role in numerous
engineering disciplines, influencing calculations, technological advances, and experimental techniques
[9-14]. Collision effects characterized by the transfer of energy and momentum are of great importance
for applications in areas such as aerospace, automotive safety and material science.

Further research on collision processes is particularly focused on simultaneous impacts at multiple
contact points [15-20]. However, not all possible collision scenarios have been fully explored. For
instance, the effects of rolling friction during impact and the influence of additional constraints on the
collision process require further investigation. This paper focuses on addressing some of these
unresolved issues with the aim of deriving analytical relations using theorems of classical mechanics
and fundamental principles of physics [21].

Collision models and methods of analysis

At first glance, the process of a planar collision between an object and a stationary obstacle may
seem simple, but it is quite complex. The collision dynamics depend on approximately ten parameters,
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including the object’s mass, its axial moment of inertia of the centre of mass, the coordinates of the
collision point, and the object’s orientation angle. Additionally, in three-dimensional motion space, the
process is influenced by two components of the centre of mass velocity, the angular velocity of rotation,
and the coefficients of sliding and rolling friction.

The interaction of these ten parameters gives rise to various collision scenarios. However, only three
final parameters ultimately characterize the outcome: the two components of the centre of mass velocity
and the angular velocity after impact. These three parameters are critical for effective analysis,
optimization and synthesis of impact processes. The following sections present our new analytical
calculations and numerical simulation examples that illustrate the collision dynamics in more detail.

Plane oblique collision of a wheel with a plane

The simplest case of collision, in which a wheel (with no rotational angular velocity, » = 0) impacts
a stationary plane with an initial velocity Vo along the normal Oy direction, is shown in Fig. 1.
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Fig. 2. Impact force P(t) as a function of time t:
1, T2 — durations of the first and second phases of
impact, respectively; SNI — full impulse of the first
phase of the impact, as an area; SNII — full
impulse of the second phase of the impact,
as an area

Fig. 1. Straight central impact of a disc
against a stationary plane: C — centre of
mass; m — disc mass; J. — moment of
inertia of the mass against the C; axis;

r —radius; N — normal force

This collision process can be described using the integral form of the disc’s momentum change over
two impact time periods z; and 2, as follows [7; 8; 21]:

mV, —0 = SNII; 1)
SNII = R-SNI;

where SNI = foﬂ P(t) dt — full impulse of the impact force P(t) in the first impact period zi;

SNII = f;ll 2 P(t) dt — full impulse of the force P(t) in the second impact period z;

m — mass of the disc;
V1 — disc velocity after collision;
R — coefficient of restitution of normal impulse SNI.

Plot of the impact force P(t) as a function of time t is shown in Fig. 2. From the three expressions
(1), all the unknown quantities Vi, SNI and SNII can be determined and subsequently applied to the
analysis of the oblique collision discussed below.

Oblique central collision of a wheel with a plane

The simplest oblique impact process occurs when the disk does not rotate before the collision
(w0 = 0), but has an additional tangential component of velocity uo along the Ox axis (Fig. 3). In this
case, during the impact, a tangential force of interaction F and a rolling moment M,(¢) arise. As a result
of this interaction, changes in the linear momentum along the Ox axis and in the angular momentum
about the center of mass can be expressed as follows [21]:
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= mVy(1 + R),

where u; — component of velocity of center mass along Ox axis after collision;
SF — tangential full impulse;
Jcz — moment of inertia;
M, — rolling resistance moment;
r — disk radius;
d — distance from the contact point K at which the rolling friction impulse moment M, is
replaced by the normal impulse SN = SI + Sl (Fig. 3).

Plots of impact normal force P(t) and tangential force F(t) are shown in Fig. 4.

+ml

Fig. 3. Oblique central impact model:

N — normal component of impact force; SN —
impact full normal impulse; Vy — initial velocity
of center mass; uo, vo — initial components of
velocity of center mass along Ox and Oy axis; Vi
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Fig. 4. Impact force P(f) and tangential force
F(¢) as functions of time ¢:

711, 721 — moments of time of transformation of the

tangential force F(¢) in the equilibrium region

\F(1) < P(f)

— velocity after collision; u;, vi — components of
velocity after rebound; F' — tangential friction
force; SF — tangential full impulse

(2)
©)
(4)
(5)

The two equations (2)-(3) contain four unknowns: us, w1, SF and M,). To determine the disc’s post-
collision parameters w; and uz, additional equations must be used to analyse possible collision scenarios
[7; 8]. These cases and corresponding equations are presented in the following Table.

Table 1
Possible collision scenarios and corresponding equations
Colllsu?n Full or partial sliding (6) Rolling rule (7) Rule of existence
scenario
1.Full sliding and
full rolling in uo SF=f(1+Rmv, | M® = —§-SF ul + wl-r =0
direction
2.Partial sliding
o ten (G| wtor=0 | MO = s | ISFLS QL+ Rym
4)
3. Full sliding and
partial rolling in SF = f(1 + R)ymv, w; =0 ldl < 6
uo direction
4. Getting stuck ISFI < f(1 + R)Ymuy;
(Fig. 4) ¢ up =0 wy =0 |£| <54 ’
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The analytical relations (2)-(7) enable the analysis and optimization of various collisions in a
general manner without relying on numerical modelling, thereby reducing computation time. The
simplified case of an oblique impact serves as an example of more complex collision scenarios, where
sliding and rolling friction must also be considered. One such typical case involving a segment is
discussed below.

Segmental body collision

In the collision process of a segment-type body, the positioning eccentricity h and the angle ¢ of
the centre of mass C must be considered (Fig. 5). Additionally, the rule governing the change in direction
of the normal component of the velocity VKy at the contact point K at the end of the first phase of the
collision, when t = 71, must be considered (Fig. 4 and Fig. 6):

VK, = 0,0rY — wh-sing = 0, (8)

where Y — projection of the velocity (v in Fig. 6) of the center C of mass at t = i;
w — angular velocity of the segment at the time instant of t = z;.

Accordingly, in the case of an eccentric collision, the direction of the sliding friction force F at the
contact point K (whether in the Ox direction or its opposite) is determined by the following analytical
expression for the projection VK of the velocity VK (Fig. 4 and Fig. 6):

sign(VK,) = sign[X + w(r — h'COS(p)], 9)

where X— projection of the velocity (u in Fig. 6) of the center C of mass at t = z;.

v

@ (r - h-cos(p))

B (hesino)

Fig. 5. Additional parameters of segment Fig. 6. Velocity VK components at the contact

body collision model: / — eccentricity of the point K: V¢ — velocity of the center of mass C;
center of mass; ¢ — angular position of the center V. — velocity of relative rotation of the contact
of mass; K1 —rolling friction moment reduction point K around the center of mass C

center; d — distance from the reduction center K1
to the contact point K

Since the segment rotational angular velocity w can change direction during the collision process,
the number of possible motion scenarios increases significantly. When analyzing these cases, the
relationships governing changes in both linear momentum and angular momentum should be applied at
all points where the relay-type force change occurs, given by F = + f-N and the corresponding distance
d = £ 4. Due to the extensive calculations required by the integral impact phase impulse method, this
study instead utilizes differential equations to model the motion under given initial conditions. The
segment’s motion is described by the following three differential equations:

mX = F;
mY = N; (10)
Jez$ = — N[J -signw + h-sing] — F[r — h- cose].
The forces in equations (10) are defined by the following expressions:
F = —Nf-sign(VKy); (11)
N = NO-sign[0.5—0.5-sign(Yo + h-cos¢@ —1)]; (12)
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NO = —c[1—A-sign(VKy)]-(Yz + h-cosp —1), (13)

where NO — normal component of the collision force, expressed as a linear function of the contact
point deformation, with two stiffness values c(1 + A) and c(1-A);
A — stiffness parameter.

Results of computer simulation on the base of equations (10)-(13) are presented in the next section.

Results and discussion

A numerical simulation of the system dynamics, as described by equations (10)-(13), was conducted
using the following parameter values: m = 1 kg; r = 0.1 m; § = 0.001 m; h = 0.05 m; Jc; = 7.5-10° kg-m?;
f=0.1; c=9.81-10° kg-s%; A = 0.5; x(0) = 0; Vx(0) = 0; y(0) = 0.07 m; Vy(0) = -1 m-s?; ¢(0) = n-4%;
®(0) = 0. The key graphs from the numerical modelling, generated using the MathCad software, are
presented in Fig. 7-10. The Euler integration step At was chosen as follows: At =2.5-107s,
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the collision forces /V, F and rolling friction energy: 7(0) =50J; 7(0.04) =26.43 J

The following conclusions can be drawn from the simulation results (Fig. 7-10):

e numerical simulation enables determining the impact time when the approximate local
interaction stiffness c is specified;

e the selected normal interaction force model effectively accounts for energy losses, preventing
objects from sticking together;

e as shown in Fig. 8, complete sliding occurred at the contact point during the collision, and in
the first phase of the collision, the rolling friction torque changed direction (Fig. 9);

o the proposed collision model can simulate successive repeated collisions if the interaction forces
between impacts are incorporated into differential equations (10).

Successive repeated collisions are further analyzed using the example of a sled descending an
inclined slope (Fig. 11), considering segmental body motion. The simulation was conducted using the
computer program Working Model 2D, with the following main system parameters: mass m = 100 kg;
coefficient of sliding friction against ice f = 0.03; coefficient of elasticity 0.5.
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Simulation results are shown graphically in Figures 12-14. These simulations of oblique collisions
validate the theoretical findings and illustrate their practical applicability.

Fig. 11. Object on an inclined plane
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Fig. 13. Change in time 7 of the horizontal
component of velocity
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Today, the dynamics of complex objects are typically analyzed using numerical methods, which
rely on analytical descriptions to clarify how motion evolves from initial conditions. This study extends
collision analysis by incorporating rolling friction, offering deeper insight into collision processes
involving changes in rotational momentum.

Conclusions

1. A new model for the normal component of the collision force has been developed, preventing
objects from sticking during multiple collisions.
2. The existing cases of sliding and sliding-stopping collisions have been extended to include the

effects of rolling friction.

3. It has been demonstrated that using discrete element models is advisable for analyzing repeated

collisions.

4. Experimental studies involving eccentric oblique impacts — accounting for both sliding and rolling
friction — are planned as part of the authors’ future research on skeleton sled motion. To date, such
experimental studies have not been thoroughly analyzed in the literature.
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