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Abstract. In the paper, the problem of diffusion of one substance through the pores of a porous multi layered
material which may absorb and immobilize some of the diffusing substances with evolution or absorption of heat
is studied. As an example we considered a round wood-block with two layers in the radial direction. We have
two processes, the transfer of moisture and the transfer of heat. We can derive the system of two partial
differential equations (PDEs), one expressing the rate of change of the concentration of water vapour in the air
spaces and the other - the rate of change of temperature in every layer. The approximation of the corresponding
initial boundary value problem of the system of PDEs is based on the conservative averaging method. This
procedure allows reducing the 3-D axis-symmetrical transfer problem described by a system of PDEs to the
initial value problem for a system of ordinary differential equations (ODEs) of the first order.

Keywords: heating and moistening processes, axis-symmetrical diffusion problem, conservative averaging
method, special splines, analytic and numerical solution.

1. The mathematical model

The study of hydrodynamic flow and heat transfer through a porous media becomes much more
interesting due to its vast applications [1-3]. Many mathematical models are developed for the analysis
of such processes, for example, mathematical models of moisture movement in wood, when the wood
1s considered as porous media [6; 7]. In this paper we study the heat and moisture transfer processes in
the porous multilayered media layer. In one layer this process is analysed and described in [1; 2].

The process of diffusion is considered in 3-D domain

Q={(r.2.):0<r<R,0<z<L,0<$<27}.

The domain Q consists of multilayer medium in the r direction. We will consider the non-
stationary axis-symmetrical problem of the linear diffusion theory for multilayered piece-wise
homogenous materials of N layers in the sub-domain

Q, ={(r,z,¢):re(r,,,r),z€(0,L),$(027)},i=1,N,

1

where H, =r, —r,_, — the thickness of the layer Q,,r, =0,r, =R .

1

We shall further assume the linear dependence on both temperature and the moisture content in
every layer [1]

M, =const+0,C, — 0T, (1)

iti°
where C,(r,z,t) —the concentration of water vapour in the air spaces;
M, — the amount of moisture absorbed by unit mass of fibre;
o, and w; — constants.
We can derive two equations, one expressing the rate of change of the concentration and the other

— the rate of change of temperature. The water vapour diffusion PDEs in the cylindrical coordinates is
in the following form

I, oC, 0°C. oC. oM. —
m—|—| D r—||+D. —~|=m—+{1-m)p. —-:€[r_,,r],i=1LN,t >0, (2
(r(@r( " or jj < 07* j ( )p‘v ot i), @

where D,,, D;, — the diffusion coefficients for moisture in the air;
m — the fraction of the total volume of the material occupied by the air
(1-m) — the fraction of the porous material occupied by fibre of density
Py, t 1S the time.
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If m = 1, then the equation is diffusion equation for the concentration without fibres.
The heat diffusion PDEs can be rewritten in the following form:

O _1fofp L\, g &L M o 1 isIN1>0. 3
c.p0—=—|— r— ; i s Felr L Li=L1N, ’
zpt at - ar ir 6r [74 azz pz 8t 1

where c; — the specific heat of the fibres;
K., K., p;— the heat conductivities and the densities of the porous material;
gi — the heat evolved when the water vapour is absorbed by the fibres.

We assume that all coefficients in the PDEs are assumed as constants and are independent of the
moisture concentration and temperature.

By eliminating M; from (1), we get the system of two PDEs

2
r\or\ or - 072 ot ot

, 4

oC. 0>C.  oC, oT,

D;fl ﬁ r—— +Dif zl :_l_/q’i_l
r\ or or 0z Ot ot
— K. D. K.
where i=1,N, Di€:+, l_‘r:: ir M , D;:#’
pi(ci +qz'a)i) m+(1_m)pso-i p; (¢ +qz'a)i)
D. 0. 1- .
zf = 2 m , V, = 4:9 S ﬂ‘i = ( m)wl Ps s ﬂ,l.vi <1.
- m+(-m)p,o, ¢, +q,0, m+(1-m)p, o,

For the initial condition for =0 we define the following values7;(r,z,0) =T,,C;(r,z,0) = C,,

i=1LN, where T,,C, are known constants. We use the following boundary and continuous
conditions:

o0, (r,0,t . =
Mzo’QN(R,Z,;)sz,QN(r,L,t)=QuZ,M=O,z=LN,
or ' 0z 5)
00.(r.,z,t 00,,,(r,z,t) . ’
Qi(ri’Z’t):Qi+l(ri7Z7t)’Dlg%:Digl,r QH—lérl : ),lzl,N_l,
r r

where Q;= Qir, z, 1), @ = (T, C) — the solutions in every layer;
T, T, C,, C,, — the given temperature and concentration on the boundary.

2. The conservative averaging method in z- direction

We consider the conservative averaging method (CAM) of the special integral splines with
hyperbolic trigonometric functions for solving the 3-D initial boundary-value problem in the
z-direction [4; 5]. This procedure allows reduce the 2-D problem in r,z-directions to a 1-D problem in
the r-direction. Using CAM in the z-direction with the parameters a,, we have

anszzQwVJ)+m?O%”05Lsmh@Q(z—05LD+%$(nﬂ(amhu%(z—05LD—uQ0j

sinh(0.5a,, L) 8sinh? (a, L/4)
inh(a, L/2
where in(r’t):L_IILQi(r’ZJ)dZ, Qi :(Ti;ci)a Aio :M.
’ a.Ll2

The parameters a;, are possible to be chosen for minimizing the maximal error. We can see that
the parameters a;, > 0 tend to zero, then the limit is the integral parabolic spline (A. Buikis [4])
because:
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Ay > 1:0,(r,z,t)=0Q, (r,1)+ m2(z - 0.5L) + e?(% —%j
The unknown functions m, = m2(r,t), e; = e2 (r,t) can be determined from conditions (5):
1)for z=0md, —ek, =0, m,=¢,p,, p, =k, /d,,
2)for z=L,Q, =0, +mL/2+eb;, e, =(Q,, —0Q,,)/g0,,
where d; =0.5La,, coth(0.5a,L),
k. =0.25a, coth(0.25a, L),
b, = (cosh(a,,L/2) - A, )/(8sinh* (a, L/ 4)),
g0, =b, +0.5L p,.

Now the 1-D initial-value problem (4) is in the following form

DT l(g(r%jJ " Dgaozz (Taz _Tiv ) = % -V aCiv )

“rlor or ot "ot
. ) T.
e Y 2,25, peavi(c, - ¢, )= X g, L
r\or or ot ot
or,(0,r)  0C,(0,1) B B
o o O ImBD=L, Gy (RO =C (©6)
(7 oT. 1
T =T, (ro, D ZeleD - pr oD 55
' or ’ or
oC, (r,,t oC,,,, (r,t
C[v(r[’t):C,‘Jrlv(r[’t),D,‘fM:DiilrL),i:LN_l,
’ or ’ or

T,(r,0)=T,,C,(1;,00=Cy,i =1,N.
where aOl.2 =2k, /(L g0,).

3. CAM in r- direction for N-layers

Using the averaged method with the parameters a,, we have

0.5H,7(a? ) sinh(al (r - 7.)) e eo cosh(al(r —7,)) — A?
sinh(0.5a2H,)(d, 1) " 8sinh?(alH, /4)

in (r’ t): inv (t)+ mtg (t)

ri_l rin (r’t)dr’

=l +n)2,7 =0 +n)12. reln.nl,
sinh(a?H, /2)

alH, /2

where Q, (¢)= (HzFl )_1_[

7i

A2 = . d? =0.5H,a? coth(0.5a2H,),i=1,N .

We can use the following values of the parameters:

D! D

a’ =a0, =%, al =a0, |—% .
i i T ir i C
Dir Dir

We can see, if the parameters aff > Otend to zero, then we obtain the limit as an integral parabolic

spline:

39



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 25.-27.05.2016.

127, _ (r-r)° 1
(r,t)=0. +mé| —(r-7)-1|+e%| ————1.
Qw(r ) szv lr[H.Q (r rl) J elr[ F{Z 12)

From the boundary conditions (5) follows the system of 2N-linear equations for determining the
unknown functions m; = m2(t), e, = e2(t):

1) for r =0 md? —e k2 =0,

2)for r=R, Q, =Q,,, +mybS +e,bS

_ o o _ o o
3forr=r,Q,, +mb, +eb; =0, —m, (bi+1,m + 2)+ €ibii,

- m

Q Q Q0 _ no 0 0 -
Dimd; +ek, =D7, m,d7,, —e. kg, i=1N-1,

ivir i"vir i+1,r

where 2 :M
Todf -1

k2 =0.2542 coth(0.25 a2 H ),
b2 =(cosh(@H, 12) - A )/(8sinh* (a2H, 14)).

Now the 1D initial- value problem (6) is in the form of the following ODEs system:

DE(nf 0 17+2¢6 0k )+ DE a0, F (€, - €, @)= 0y T

7—;vv(O) :710’ C (0) :CO’ l :L_N

wy

4. CAM for two layers
2 €; =e? k; :ki?’bim :bigq’bie :bzg’

For N =2 we have the following equations (m, =m,, g
d, = d;? ):
my = pe,p, =k 1d, .0, =0, +mb,, +eb,,,

_ _ no
0, tmb,, +eb, =0, —m, (me + 2)+ezb2e’ md,, + ek, = D, (myd,, —e,k,) ,

where DI% = Dfr /Dfr .

Then
_ 0 o 0 _ .0 Q (Y] s 1.
e, =e;0,, tep0y, +e0,,, m=miQ, +m;0, +myQ, ., i=12,

ep =—(b? +1)/g3. el =1/g7. el =b? /g3 . mi =elp,.
mS =elp,,md =elp,, m& =-05(1+e2g?)/(1+b,,),
m =-0.5¢2g2 I(1+b,,), m& =05(1-e2g2)/(1+b,,).

o _ 0 o (Y] o _ 0 (Y] o o _ 0 o (Y]
ey =my I p,—ef by, ex, =my, [ p,—ep by, ey, =my /[ p, —ef by,

Py =k, /dy,, g2 =gl(1+b2)+bCh,,, g2 = pb,, +b,, b2 =0.5b2 /(b,, +1),

where
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b? =-b,, =2+b,, | p,, b? =2k, 1k,DS,.
For N =2 we have the following ODE:s initial- value problem:
1
7—;vv (t) = m(bTY}vv (t) + b12 2vy (t) + 7110 +V; (bzl Clvv (t) + thZCZW (t) + CiO ))7

C[W (t) = ﬁ( 1wy (t) + blZCZVV (t) + CiO + //i’ (bTylvv (t) + b 2vv (t) + T ))’ (8)

T,,(0)=T,, C,,(0) =

wy wy

where bi%:DiQ(gﬂmzk +gl4ezk) 5szQ(a0 ) k=12, gi3:dir/7i’gi4:2(kir/Hi)’
Qm:ng( l3ml()+gz4 zo)Q +DQ aO az’izl;z’Q:(T’C)’
0, — Kronecker symbol.

We rewrite the system of ODEs (8) in the following vector form:

W)+ AW (t)=F,W(0)=W,

where W(t),W,, F — the 4-order vector-column with elements
( lvw (t) 2vy (t)’ Clvv (t)’ CZW (t)) ’ (TO > TO > CO > CO ) ’
F =G, (TIO +Vlclo)
Fy = Gl(ﬂ’ITIO + C10)’F4 = Gz(/iszo + Czo)’
1 1
—G, =—.
(1 - ﬂ’lvl) ’ (1 _/12"2)

A 18 the 4-order matrix

G, =

G b, G,by, Gvby,  Gybj

G,b,, G,by,  Gyv,by, Gyv,by,
GAb),  GAb, Gb G,by,
G, b, G,A,b;,  G,by, G,b;,

The averaged solution is W () =exp(—At)W, + (E - eXp(—At))A_lF and

~ o, 0-5H 7 (a, )’ sinh(a, (r = 7)) 1|4 o cosha, (r=7)) - 4,
0, (r1)= 0 1)+ m (t)[ sinh(0.5a, H,)(d, —1) et g ginh? (a,H,14) )

where i=1,2,0=(T,C).

5. The conservative averaging method for model equations

For modelling the averaging method in 2 layers and estimate the parameter a; = al-Tr we consider
the stationary 1-D boundary—value problem (6) only for temperature with 7 =7(r), v=0,

T,=0T, =T,, D] =1, D] =D,, i =1;2 in the following form:
D,r ' (¢\T/(r) —a0; T, (r)=F,, r [0, H,],T/(0) =0,
D,r~ (rTz(r)) D—aOsz(r):Fz, re[H,,RL,T,(R)=T,, (10)
T,(H)=T,(H,),DT/(H)=D,T,(H,),0<H, <R,
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where T, F;,a0, >0,i=1;2 — given constants.
The analytical solution is

T,(r)=C/I,(a,r)- f,, T,(r)=C,I,(a,r)+ C;K,(a,r) - f,,
where [, K, — the modified Bessel functions,

f,=F a0}, a, =a0,/D,,i=1;2.

The unknown constants are obtained from boundary conditions (10) (7} = I,, K, = —K,):
_T, —CK(a,r) C _b—1, b = byT,
2= v L3 = 1= ’
I,(a,r) b, I,(a,r)

b, =D, a,1,(a,H )], (a,H,)-a,l (a,H)],(a,H)), f, :alll(alHl)(fl _fz)’
G, :Dz,l(Czazll(azHl)_CsazKl(azHl))/(alll(azHl))’ D,, =D, /Dy,

K,(a,R)

=by—————+b, =D, a,l,(a,H)K (a,H ) +a,] (a,H)K (a,H ).
I,(a,R)

With the hyperbolic averaging method in two layers we have:

0.5H 7.a’ sinh(a,(r —7,)) e cosh(a,(r —7,)) — A,
sinh(0.5a2H,)(d, —1) ' 8sinh’(aq,H, /4)

T,(r)=T, +m,

l

where =12, 7 =0.5H,. 7, =05(H, +R). A (Mj

a.H, /2
d, =0.5H,a, coth(0.5a,H,) .

The unknown constants 7, can be determined from the first stationary equations (8):

T T T T
T, :((Fl _Tlo)bzz _(Fz _Tzo)blz)/det’ T, = (_(Fl _TlO)b2l _(Fz _T20)b11)/det’
T T TyT
det = b,,b;, —b,,by,.
Using computer program MATLAB for D, = 10%, D,=10", F,=-2, F,=0, a, =20, a0, =2,
a0,="6,a,=18.9737, Ty =4, R =3, H, = 1.8 we have the following maximal error:

1) 2.6275 for parabolic spline (al =a, = 104),
2) 0.0614 for hyperbolic spline (the minimal error 0.0602 is fora, =20, a, =19.4737).

6. Some numerical results
The results of the calculations are obtained by MATLAB. We use the discrete values rpt, =nt,
n= Q_M, N,r=t,. We consider the drying process in the wood-block withL=0.5m,R=0.3m,
H,=021m,H, =0.09m, T = const in two layers by:
t, =1000—10000, C, =1,C,, =C,, =0, D,_=10"m-s?,D, =10" m-s?, D, =107 m-s7,
D,, =10°m-s?, N, =1000, N, =30, N_ =10, m=1=0, v=1, a,, =10,a,_=1.
The results of calculation are represented in Table 1 and Fig. 1-4, where MC ,MC are the
mC

in every layer, obtained in the time moment?, .

maximal values of the concentration C,,C and mC are the minimal value of averaged

1w 2vy

concentration C, ,C

Tvw > 2wy
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MinC1=0.2335,MinC2=0.0099 0.3
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Fig. 1. Averaged values Cj,,, C;,, Fig. 2. Averaged values C,, depending on r
depending on ¢ for t =5000 s

Concentrations,Cmax=0.3388

04 05 z

Fig. 3. Concentration C depending on (r, ) Fig. 4. Wood-block
for t =5000 s

For #; = 30000 the values are equal to 10”. For increasing A the concentration of water vapour in
the air spaces can be increased (see Table 1).

Table 1
The values of mC,,,, mC,,,, MC,, MC
tf mClvv mCZW MCV MC A \4
1000 0.776 | 0.160 | 0.868 | 0.909 0 1

2000 | 0.571 | 0.041 | 0.668 | 0.824 - -
3000 | 0424 | 0.020 | 0.499 | 0.615 - -
4000 | 0315 | 0.014 | 0.370 | 0.457 - -
5000 | 0.233 | 0.010 | 0.275 | 0.339 - -
6000 | 0.173 | 0.007 | 0.204 | 0.251 - -
7000 | 0.128 | 0.005 | 0.151 | 0.186 - -
8000 | 0.095 | 0.004 | 0.112 | 0.138 - -
9000 | 0.071 | 0.003 | 0.083 | 0.103 - -
10000 | 0.052 | 0.002 | 0.061 | 0.076 - -
20000 | 0.003 | 0.000 | 0.003 | 0.004 - -
1000 | 0.843 | 0.177 | 0.955 | 1.170 0.1 1
5000 | 0.257 | 0.011 | 0.302 | 0.373 0.1 1
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7. Conclusions

For investigation the heat and moisture transfer in porous multi-layer 3-D domain the system of
two PDEs for determination the concentration C of water vapour in the air spaces and the temperature
T is considered.

The approximation of the corresponding initial boundary value problem of the system of PDEs is
based on the conservative averaging method (CAM), where brand-new hyperbolic type splines are
used.

For these splines the best parameter for the minimal error is calculated. The problem of the system
of 3-D PDEs with constant coefficients is approximated of the initial value problem of a system of
ODE:s of the first order.

Such a procedure allows us to obtain an analytical solution with a simple engineering algorithm
for mass transfer equations for different substances in layered domain. It is possible modelling round
and angular wood-blocks and gives some new physical conclusions about the drying and moister
processes in these blocks, for example, it is obtained that in the drying process with increasing the
parameter A the concentration of water vapour in the air spaces is increased.

It was obtained that the wood drying process in the outer layer is faster than in the inner layer,
which corresponds to the task approach, the mathematical model initial conditions and boundary
conditions and the drying process, the actual carrying out.

Therefore, a mathematical model is appropriate for capturing and modelling the distribution of the
drying process during the layers in accordance with the thickness of the layers and physical
parameters.

The developed model allows calculate the time after which the moisture content of the wood will
be reduced by a certain amount.

This allows the use of a mathematical model of the drying process for forecasting the time —
calculate the required wood drying time after which the moisture content will drop to the necessary
limit (norm).
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